ABSTRACT. For mechanical Hamiltonian systems on the torus, we study the dynamical properties of the generalized characteristics semiflows associated with certain HamiltonJacobi equations, and build the relation between the ω-limit set of this semiflow and the projected Aubry set.
INTRODUCTION
The variational approach to Hamiltonian dynamical systems of Tonelli type have made substantial progress in the past twenty years thanks to the celebrated contributions of Mather's theory, in Lagrangian formalism, and Fathi's weak KAM theory. In these theories, some specific invariant sets-namely, Mather sets, Aubry sets, and Mañé sets-play the role of bridging the dynamic behavior of the given Hamiltonian system and the regularity properties of the viscosity solution to the associated Hamilton-Jacobi equation. The topological and metric properties of these invariant sets were widely studied in the past decades, as well as their dynamical implications. In this paper, we will study the onset, dynamic and asymptotic behavior of singularities for a certain class of weak KAM solutions on the torus.
Let T n = R n /Z n be flat n-torus and H = H(x, p) : T n × R n → R be a Hamiltonian satisfying the standard Tonelli conditions: H is of class C 2 , and p → H(x, p) is a convex function with uniformly superlinear growth.
Let u be a (locally semiconcave) viscosity solution of the Hamilton-Jacobi equation H(x, Du(x)) = 0. We say x is a critical point of u with respect to H if
where "co" stands for convex hull and D + u(x) is the (Fréchet) superdifferential of u at x. The set of all critical points of u with respect to H is denoted by (1.2) Crit H (u) = {x : 0 ∈ co H p (x, D + u(x))}.
A point x is called a regular point of u with respect to H if x / ∈ Crit H (u). For any c ∈ R n , throughout this paper, we set
where α H (·) is Mather's α-function. From weak KAM theory, there exists a T n -periodic weak KAM solution u c of the Hamilton-Jacobi equation ( 
1.3)
H c (x, Du c (x)) = 0, x ∈ T n .
It is well known that u c may lose smoothness but is semiconcave and Lipschitz continuous. We call x ∈ T n a singular point of u c if u c fails to be differentiable at x, that is, the superdifferential D + u c (x) is not a singleton. From now on, we denote by Sing (u c ) the set of all singular points of u c .
As noted in [1] , a key tool to describe the dynamics which governs the propagation of singularities of u c are the so-called generalized characteristics, i.e., solutions to the differential inclusion (1.4) ẋ(s) ∈ co H It is already known that if x 0 ∈ Sing (u c ) and x 0 ∈ Crit H c (u c ), then (1.4) has a Lipschitz solution x such that x(s) ∈ Sing (u c ) for all s ∈ [0, τ ], with τ small enough, and x : [0, τ ] → T n is injective (see [1] ). We say a Hamiltonian H has the uniqueness property if there exists a unique generalized characteristic staring from any given initial point.
In [8] , a global result for the propagation of singularities along generalized characteristics was obtained. So, we are now in a position to start the analysis of the global behaviour of the generalized characteristics semiflow.
In this paper, we have decided to concentrate on the important example of mechanical systems on the torus T n . We have made this decision for several reasons. First, the uniqueness of the solution to (1.4) is not guaranteed for general Hamiltonians. So, the associated semiflow may fail to be well defined, but such a semiflow is well defined for mechanical systems. Second, even for mechanical systems, the global theory of generalized characteristics on arbitrary manifolds is more complicated than the one on the torus. In general, this semiflow depends on additional topological objects such as the critical set of the solution of (1.3), that can be empty or nonempty as we show by examples at the end of Section 2. Such a complex structure, which is also related to Novikov's theory for the critical points of closed 1-forms (see [21] and the references therein), will be the object of our future work.
Let us consider a mechanical Hamiltonian of the following form:
where x → A(x) is a C 2 -smooth map taking values in the real space of n × n positive definite symmetric matrices, and V is a C 2 -smooth potential function. Without loss of generality, we can assume max x V (x) = 0. A typical Hamiltonian H possessing the uniqueness property is the mechanical Hamiltonian (1.5). It is clear that any mechanical Hamiltonian H in the form as (1.5) can be looked as a Hamiltonian defined on T * T n or on T * R n and T n -periodic in the spatial variable x. For the Hamiltonian (1.5), it is worth mentioning that, by (1.1), for any viscosity solution u c of (1.3), x is a critical point of u c with respect to H c if and only if
since the matrix A(x) is positive definite.
By lifting to the universal covering space, u c can also be viewed as a function defined on R n , in this case we define
The inclusion formula (1.6) leads us to define the following critical set,
Any point x ∈ Crit (v c ) is called a critical point of the function v c , otherwise we call it a regular point. Remark 1.1. It seems that we have provided two different definitions for critical point. However, to some extent, they are equivalent for the mechanical Hamiltonian (1.5). Indeed, x is a critical point of u c with respect to H c if and only if x is a critical point of v c .
Therefore, in this paper we will discuss the dynamics of the generalized characteristics semiflows from two sides, one is the semiflow Φ t on R n (see (2.5) for definition), the other is the semiflow φ t on T n ( see (3.1) for definition). The semiflow Φ t is essentially gradient-like. So, using a generalization of Conley 
where Ω(Φ t ) and R(Φ t ) are the ω-limit set and chain-recurrent set of Φ t , respectively.
For the dynamics of the semiflow φ t on T n , recall that Fathi introduced the set I uc 1 for a weak KAM solution u c of (1.3) in [22] . Using the approach in [8] , we obtain some new results on the asymptotic behaviour of such semiflows. These results build a bridge between the singular set Sing (u c ) and I uc .
Main Result 2.
Suppose H is a mechanical Hamiltonian as in (1.5) with u c a weak KAM solution of (1.3) and x ∈ Sing (u c ). Let x be the unique generalized characteristic starting from x and C(x) be the connected component of Sing (u c ) containing x. If Crit H c (u c ) ∩ C(x) = ∅, then there exists a global generalized characteristic y : R → T n such that {y(t) : t ∈ R} is contained in {x(t) : t > 0} ⊂ C(x). Moreover, we have either
In particular, C(x) intersects the Aubry set. Main Result 3. Let H be a mechanical Hamiltonian with u c a weak KAM solution of (1.3) . Suppose that x ∈ Sing (u c ) and x is the unique generalized characteristic starting from x. If there exists a point of differentiability of u c in ω(x), the ω-limit set of x, then ω(x) intersects the Aubry set.
Main result 1 will be proved in section 2 and main result 2 and 3 will be shown in section 3. We also give an illustrative example of such connections between Sing (u c ) and the Aubry set in the context of area-preserving monotone twist maps.
The paper is organized as follows: in section 2, we mainly discuss the dynamics of generalized characteristics semiflows Φ t defined on R n and the relations among its various limiting sets. In section 3, we concentrate on the dynamics of generalized characteristics semiflows φ t defined on T n , and show that the ω-limit set of a singular generalized characteristic on T n can intersect I uc under certain conditions. In section 4, we give an 1 We call Iu the projected Aubry set with respect to a weak KAM solution u. The precise definition of Iu is given in Section 3.
illustrative example of such a connection. In the appendix, we also give an explanation of how to transfer the results in [8] 
GENERALIZED CHARACTERISTICS SEMIFLOWS
2.1. Basic properties of generalized characteristics. In this section, we will always refer to H as in (1.5) . It is well known that for any c ∈ R n there is a unique α H (c) ∈ R such that equation (1.3) has a T n -periodic viscosity solution u c . Let v c be as in (1.7). Notice that, By lifting to R n , the Hamiltonian (1.5) can also be regarded as a Hamiltonian H(x, p) :
The following proposition, based on the results in [10] , [8] , [14] and [1] , is a collection of properties of the generalized characteristics associated with the pair {H, v c }.
n and v c be described as above. Fix any x ∈ R n .
(a) There is a unique Lipschitz arc x : [0, +∞) → R n such that
and x(0) = x. Moreover, denoting by y the solution of (2.1) starting from the point y ∈ R n , we have
A(x(s))p, p .
The right derivative of v c (x(·)) has the following representation:
Thus for any x ∈ R n , if we denote by x(·, 0, x) the unique generalized characteristic starting from x, then it is clear that
2.2. Dynamic and topological structures of generalized characteristics semiflows. Now we start to further analyze the properties of semiflows Φ t on R n . Before that, we first introduce some basic facts on the the topological structure of semi-dynamical systems on a metric space (X, d) (not necessarily compact). This can be considered as an extension of Conley's celebrating theory of general dynamical systems (see, for instance, [18] , [19] for the flows on compact metric space and [27] for the semiflows on arbitrary metric space).
Conley's theory on semiflows.
A semiflow on X is a continuous map Φ(t, x) = Φ t (x) : [0, +∞) × X → X such that Φ 0 = Id where Id stands for the identity map on X and Φ t • Φ s = Φ t+s for all t 0 and s 0. Let P be the set of positive continuous functions on X. For any ε ∈ P and T > 0, we define the (ε, T )-chain of a semiflow Φ t as a finite number of pairs
. . , n− 1, and the number n is called the length of the chain. A point x ∈ X is said to be chain recurrent if for any ε ∈ P and T > 0 there exists an (ε, T )-chain with its length at least 1 connecting x to itself. The set of all the chain recurrent points of a semiflow Φ t is denoted by R(Φ t )
Let Φ t be a semiflow on X, a nonempty open set U ⊂ X is said to be a preattractor of
An attractor A defined by a preattractor U is determined by
The basin of an attractor A, denoted by B(A), consists of all point x with the property that some point on the forward orbit of x lies in a preattractor U that determines A. Now, we can formulate an extension of Conley's theorem.
Proposition 2.2 ([27]). Suppose (X, d) is a metric space and Φ t is a semiflow on X. Then we have
where A varies over the collection of attractors of Φ t and B(A) denotes the basin of attraction of A.
Limiting sets of generalized characteristics semiflows.
Consider the semiflows Φ t of generalized characteristics (2.5) defined on X = R n . For any r ∈ R, it is standard to define
Proof. We prove by contradiction. We fix any t > 0. Suppose Φ t (U r )\U r = ∅, then there exists a sequence {x k } in U r with y k = Φ t (x k ) such that lim
Now, by Proposition 2.1, we denote by x k : [0, +∞) → R n the global generalized characteristic starting from x k for each k ∈ N, and each x k has the property thatẋ
Therefore, by Hölder's inequality and the equality above, we have
It follows that lim k→∞ x k = z by (2.6) and Φ t (z) = z. Since r is a regular value of v c , then
. This leads to a contradiction.
For a continuous map f : X → X of the topological space X, a point x ∈ X is called non-wandering if for any open set U containing x, there is an integer k ≥ 1 such that
The set of all non-wandering points of f is denoted by N W (f ). We also need the standard concept of topological entropy for (semi-)dynamical systems (see. for instance, [28] Proof. To calculate the topological entropy h top (Φ 1 ), we could use the following equality (see, for example [28] ):
By Lemma 2.3, one could easily verify that if x is a regular point of v c , then x / ∈ N W (Φ 1 ). On the other hand, if x is critical point of v c , x(t) ≡ x is the unique generalized characteristic starting from x, which implies that
is exactly the identity map, we can obviously obtain that h top (
Theorem 2.5. Let the following regularity condition be satisfied:
where Ω(Φ t ) (resp. ω(Φ t , x)) is the ω-limit set of the semiflow Φ t (resp. the semi-orbit Φ t (x)), and R(Φ t ) is the chain-recurrent set of Φ t .
Remark 2.6. It is possible that the above various invariant sets can be empty simultaneously (See the examples below).
Proof. First, it is clear by Proposition 2.2 that x ∈ X is not a chain recurrent point of Φ if and only if there exists a preattractor U which determines a attractor A such that there
, then x is a regular point of v c , hence for any t > 0, v c (Φ t (x)) > v c (x). Since condition (R), there exists a regular value r = r(t) such that v c (Φ t (x)) > r > v c (x), then U r is a preattracttor by Lemma 2.3 and Φ t (x) ∈ U r , but x ∈ U r . This implies that x is not a chain recurrent point of Φ t .
To prove (2.7), we observe the following relations of relevant invariant sets is standard:
Example 2.7. Let the Hamiltonian H in (1.5) be a nearly-integrable systems, i.e.
where ε > 0 is small. Then, it is not hard to be checked that for any fixed 0 = c ∈ R n , there exists ε 0 = ε 0 (c) > 0 such that the Lipschitz constants of the visocisty solutions u Condition (R) in Proposition 2.5 is essential. It is closely connected to the Morse-Sard's type results, see, for instance, [33] for the viscosity solutions and [26] for the distance functions, also [23] , [6] , [32] , [30] and [31] for the related results on the quotient Aubry sets. However, for n = 3, the smoothness requirements of H in Proposition 2.9 are restrictive. In fact, [33] has proven that if n = 3, the condition (R) holds for generic C 2 Hamiltonians: let the Hamiltonian H in (1.5) be C 2 and c ∈ R n , then there exists an open dense set O ⊂ C 2 (T n , R), such that for every function P ∈ O, the corresponding v c of H + P satisfies the condition (R). Example 2.10. As shown in Corollary 2.8, the set Crit (v c ) can be empty for nearlyintegrable systems. For another example, the mathematical pendulum H(x, p) = Proof. Fix x 0 ∈ S ∩ Sing (v c ) and let x : [0, +∞) → R n be the generalized singular characteristic with initial point x 0 . Then x(t) ∈ S for all t ∈ [0, +∞) and, by Proposition 2.1,
where p(·) satisfies (2.2). If, for some t 0, x(t) is critical for v c , then the conclusion is proved. Suppose next that x(t) is not critical for v c for all t 0. Then we claim that
for some sequence s j 0. For if
then, appealing to (2.9), we obtain
in contrast with the fact that v c is bounded on S. So, (2.10) is proved. Now, since S is compact and the set-valued map
SINGULARITIES MAY APPROACH AUBRY SETS
In Section 2, we have already shown that, if a certain Morse-Sard type condition (R) is satisfied, the generalized characteristics semiflows Φ t on R n is essentially a gradientlike flow. But since we lift the solutions to the universal covering space R n , which is not compact, we cannot obtain the asymptotic results by just studying the ω-limit set of a given generalized characteristic. So we have to return to the torus and begin to study the asymptotic behavior of the generalized characteristics semiflow on T n . In this section, we still suppose that H(x, p) : T n × R n → R has the form as in (1.5). Recall that for any c ∈ R n , H c = H(x, c + p) − α H (c) and the associated Lagrangian
It is clear that the Mañé's critical value with respect to H c is 0. Similar to the last section, there is a semiflow φ t defined on the torus T n such that
where π : R n → T n is the canonical projection and Φ t is defined in (2.5). By the the periodicity of H, it is easy to find that for any x ∈ T n , φ t (x) is the unique generalized characteristic of the differential inclusion
x(0) = x. Therefore, it follows from Proposition 2.1 and the formula (1.7) that Proposition 3.1. Let H , c ∈ R n and u c be described as above. Fix any x ∈ T n .
(a) There is a unique Lipschitz arc x : [0, +∞) → T n satisfying (3.2). Indeed, this arc
, for all t 0. If x, y are two solutions of (3.2) starting from x, y ∈ T n respectively, then
for some positive constant C depending on τ > 0. Moreover,ẋ + (s) is right-continuous.
Let us recall some basic facts from weak KAM theory (see, for instance, [22] ). A function u : T n → R is said to be dominated by L c iff, for each absolutely continuous arc γ : [a, b] → T n with a < b, one has
When this happens, one writes u ≺ L c . An absolutely continuous curve γ :
For any weak KAM solution u c of (1.3), we define where u c is taken over all weak KAM solutions u c of (1.3). Such set A(H c ) is called the projected Aubry set with respect to the Hamiltonian H c . For any t > 0, given x, y ∈ T n , we set
The existence of the above minimum is a well-known result in Tonelli's theory (see, for instance, [22] ). Any arc ξ ∈ Γ t x,y at which the minimum in (3.4) is achieved will be called a minimizer for A t (x, y). Any minimizer ξ is of class C 2 by classical results. For further analysis, we need more information about the construction of the generalized characteristics which was first discovered in [8] (see, also [9] ). For any t > 0 and any continuous function u : T n → (−∞, +∞), the Lax-Oleinik operators T ± t u : T n → (−∞, +∞) are defined as follows:
Now, let u c be a weak KAM solution of (1.3) and let A t (x, y) be the fundamental solution with respect to L c . By applying Lemma 3.2 in [8] to (1.3) (see Appendix A for more details), we conclude that there exist t 0 > 0 and λ 0 > 0 such that, for any x ∈ T n and t ∈ (0, t 0 ], the function u c (·) − A t (x, ·) admits a unique maximizer y t,x , and y t,x ∈ B(x, λ 0 t). In addition, this function A t (x, ·) is differentiable at any y ∈ B(x, λ 0 t). Let
Then y x (t) ∈ Sing (u c ) if x ∈ Sing (u c ). The generalized characteristics semiflow φ t in Proposition 3.1 is indeed constructed by
and determined inductively as
Remark 3.2. Owing to the uniqueness of generalized characteristics when H has the form (1.5), for any 0 < τ t 0 we also have 
n be a sequence of generalized characteristics defined as in (3.7) with initial points x k , i.e., 
If τ = t 0 , we will take out the superscript τ for abbreviation. It is clear x is unique, then it does not depend on the choice of τ ∈ (0, t 0 ] by (3.9). We denote the ω-limit set of x by ω(x). It is clear that ω(x) ⊂ C(x) where C(x) is the connected component of Sing (u c ) containing x. For each z ∈ ω(x), there exists σ such that the sequence z σ converges to z. (b) Suppose that lim t→∞ x(t) does not exist and fix any τ ∈ (0, t 0 ]. Then for any z σ ∈ Z τ such that N σ < ∞, there exists a closed generalized characteristic contained in
Remark 3.5. In fact, all results in the theorem above hold true if we only suppose H has the uniqueness property. In the case that H is a mechanical Hamiltonian, the convex hull in (c) will disappear. Unfortunately, it is still unknown whether there is another example of Hamiltonian which still has the uniqueness property.
Proof. Fix any x ∈ Sing (u c ). Choose a sequence τ n → 0 + and let z
be the minimizer of A τn (z n i , z n i+1 ). Then {ξ n i } i∈N is equiLipschitz. So, by taking a subsequence, we obtain a Lipschitz curve ξ ∈ Γ τn z,z which is also a minimizer for A τn (z, z). On the other hand, we have
by the upper semicontinuity of the set valued map x ⇒ D + u c (x). We will show that 0 ∈ H c p (z, D + u c (z)). Indeed, we have
. This proves (a). Now let us prove part (b). Let σ = {i 1 , i 2 , . . . , i k , . . . }. Since lim t→∞ x(t) does not exist and N τ σ < ∞, by the principle of pigeon hole, there exist a positive integer N 2, and a sequence of pairs (i kj , i kj+1 ) such that i kj +1 − i kj ≡ N for all j ∈ N. Thus, without loss of generality, we can assume i k+1 − i k ≡ N for all k ∈ N.
We denote byỹ
The sequence {y τ k } k∈N is equi-Lipschitz, thus it converges to a Lipschitz curve y τ : [0, N τ ] → T n without loss of generality, and y
τ is a closed generalized characteristic by Lemma 3.3. This completes the proof of (b).
The proof of (c) is a refinement of that of (b). Suppose
2 be as in the proof of (b) and y
Due to nonsmooth Fermat rule, we have that
By (3.11), the condition lim k→∞ N (k)τ k = 0, and the compactness, there exists z ∈ C(x) such that
This proves (c).
Finally, we turn to the proof of (d). Let σ = {i 1 , i 2 , . . . , i k , . . .}. Since there exists a sequence of pairs (i kj , i kj +1 ) such that lim j→∞ (i kj +1 − i kj ) = ∞ by the assumption N τ σ = ∞, we assume the sequence {i k+1 − i k } to be strictly increasing without loss of generality. Now, set z 
, then there exists a global generalized characteristic y : R → T n such that {y(t) : t ∈ R} is contained in {x(t) : t > 0} ⊂ C(x). Moreover, we have either
Proof. The first statement is a direct consequence of Theorem 3.4.
We now turn to the proof of (a). If N σ < ∞, in view of Theorem 3.4 (b), there exists a non-constant closed generalized characteristic y : [0, N t 0 ] → T n , y(0) = y(N t 0 ). For j = 0, 1, . . . , N , set z j = y(jt 0 ). Suppose that z 0 = z N is a point of differentiability (resp. singular point) of u c , then y(s) with s ∈ [(N − 1)t 0 , N t 0 ] (resp. s ∈ [0, t 0 ]), are all points of differentiability (resp. singular points) of u c by our uniqueness assumption on the generalized characteristics and [8, Lemma 3.2] . Therefore, by induction, we can prove that y(s), s ∈ [0, N t 0 ], are all points of differentiability (resp. singular points) of u c . Moreover, for the case that z 0 = z N is a differentiable point, {y(s) : s ∈ [0, N t 0 ]} is contained in I uc . This completes the proof of part (a).
The first part of (b) is already known. As for the second part, we know there exists a global generalized characteristic y : (−∞, +∞) → T n contained in C(x). If y is not a global singular generalized characteristic, then there exists a point of differentiability, say y(0), of u c . Then y(s), s 0, are all points of differentiability of u c . Since the uniqueness assumption, it is clear that y : (−∞, 0] → T n is a u c -calibrated curve whose α-limit set is contained in the Aubry set A(H c ), see [22] . Therefore C(x) ∩ A(H c ) = ∅. Proof. By assumption, there exists a σ = {i 1 , i 2 , . . . , i k , . . .} such that lim k→∞ x(i k t 0 ) = z where u c is differentiable at z, lim j→∞ (i kj +1 − i kj ) = ∞ and the sequence {i k+1 − i k } is strictly increasing without loss of generality. We also claim that z : (−∞, 0] → T n is a u c -calibrated curve. For convenience, we work on R n . Indeed, suppose s 0, by the formula of the directional derivative of semiconcave function, we have that
Then, by integrating the equality above for any s 1 < s 2 0, we conclude that z is a u c -calibrated curve.
It is clear that {z(s) : s ∈ R} ⊂ ω(x) and {z(s) : s ∈ R} ∩ I uc = ∅ since the α-limit set of z is contained in A(H c ). Therefore, we conclude that ω(x) ∩ A(H c ) = ∅.
AN EXAMPLE WHERE SINGULARITIES APPROACH THE AUBRY SET
Here we give an example based on Bangert's work on minimal geodesics on 2-torus T 2 , although it is well known as Aubry-Mather theory of area-preserving monotone twist maps. The standard literatures include Bangert's survey article [3] and Mather-Forni's lecture notes [29] .
Let R Z be the set of bi-infinite sequences of real numbers with the product topology, and an element in R Z will be denoted by {x i } i∈Z . Given a function h :
for all (y j , . . . , y k ) with y j = x j and y k = x k . A bi-infinite sequence {x i } is said to be minimal if every finite segment of {x i } is minimal. We always call a minimal bi-infinite sequence {x i } ∈ R Z a minimal configuration, and denote by M = M(h) the set of minimal configurations with respect to the generating function h. To define a monotone twist map by a generating function h, we suppose h satisfies the following conditions: (h1) h(x + 1, y + 1) = h(x, y) for all (x, y) ∈ R 2 ; (h2) lim |y|→+∞ h(x, x + y) = +∞ uniformly in x; (h3) If x 1 < x 2 and y 1 < y 2 , then
When h is smooth, it is to define an area-preserving monotone twist map F :
There exists a continuos mapρ : M → R such that, if ξ = {x i } ∈ M then |x i − x 0 − iρ(x)| < 1 for all i ∈ Z. In fact,ρ(ξ) = lim i→∞ (x i − x 0 )/i and is called the rotation number of the minimal configuration ξ. Moreover, by the order-preserving properties of the minimal configurations (Lemma of Aubry graphs), one could associate a minimal configuration ξ = {x i } with a (order-preserving) circle map f satisfying f (x i ) = x i+1 (mod 1), i ∈ Z, and the Poincaré's rotation number ρ(f ) =ρ(ξ). If ρ(f ) = ω is irrational, then the recurrent set M rec (f ) of f is either the whole circle or a Cantor subset which is usually called Denjoy set.
Let g be a Riemannian metric on T 2 with d its Riemannian distance andd the Z 2 -periodic distance which is the lift of d to R
2 . An associated generating function h is defined as followed: Let (i, x i ) ∈ Z × R 1 , define (4.1) h(x i , x i+1 ) =d((i, x i ), (i + 1, x i+1 )).
It is known that such h is a generating function satisfying the condition (h1)-(h4). If γ : R → T 2 is a minimal geodesic 3 , then {γ(i)} is a minimal configuration whereγ is a lift of γ to R 2 (see Figure 4 .1). Now we consider a big bump 4 Riemannian metric g x (v, v) = H(x, p) = 1 2
Let M ω ⊂ T 2 denote the set of all minimal geodesics with rotation number ω, denote by M rec ω the set of recurrent points in M ω . Since g is big bump type, then for any ω ∈ R \ Q, M rec ω is a Denjoy set( [3, Proposition 9.7] ). On the other hand, it is well-known in Aubry-Mather theory and weak KAM theory that there exists some c ∈ R such that the projected Aubry set A(H c ) = M rec ω . 3 Due to Bangert, a geodesic is said to be minimal if for any [a, b], d(γ(a), γ(b)) = length (γ| [a,b] ). 4 A big bump on a torus (T 2 , g) is a closed disk B ⊂ T 2 with the following property: there exists x ∈ B so that the (Riemannian) distance from x to ∂B is larger than 1 4 length (∂B). This leads to our conclusion.
By appealing to Lemma A.1 and the compactness of T n , one can adapt the proof of all the results in [8] and realize that these regularity properties of the fundamental solution hold in the torus case as well. Similarly, the global propagation result was obtained thanks to the local regularity properties and uniform estimates for fundamental solutions that are in turn consequences of our assumptions on the Lagrangian. Since such estimates are valid for the torus in view of the compactness, global propagation holds as well.
